Abstract. Approximate approach for description of two-photon bremsstrahlung emitted by the relativistic projectile scattered in a spherically-symmetric filed of the target is suggested. It based on the accurate treatment of the analytical structure of singularities in relativistic one-photon free-free matrix elements. For the case of Coulomb field of the target the closed-form analytical expressions for amplitude and cross section of process with accounting for the radiation retardation are presented. Results obtained within the frame of the proposed approach are compared with available experimental data as well as with results of independent theoretical calculations. It is demonstrated that accounting for relativistic effects lead to noticeable change of spectral-angular characteristics of two-photon bremsstrahlung. ‡
Introduction
This paper is devoted to formulation of approximate approach for description of twophoton (or double) bremsstrahlung (2BrS) which represent by itself the process of sequential emission of two photons by the projectile particle scattered in a sphericallysymmetric filed of the target [1, 2] .
The aim of such research is in application of formalism of method called deltaapproximation and formulation on its basis the approximate approach for treatment of 2BrS with accounting for relativistic and multipole effects suitable for effective numerical investigations of characteristics of process in a wide range of projectile and emitted photons energies for targets with different values of nucleus charge Z. The idea of delta-approximation, which was introduced for the first time in non-relativistic theory [3] - [6] and generalized recently for the case of relativistic collisions [7] , is based on the assumption that to a great extent the behaviour of 2BrS amplitude is defined by the contributions of the singular parts of one-photon free-free matrix elements corresponding to transitions between two states of continuous spectrum, from which the 2BrS amplitude is constructed.
The transitions of such type are encountered in a number of physical processes in which the collision of projectile with a target (both structural or without internal degrees of freedom) is accompanied by the emission or absorption of photons (see e.g. reviews [8] - [10] ). In particular the list of such processes includes: (a) two-photon bremsstrahlung, (b) different inelastic processes in which the emission (absorption) of photons is accompanied by simultaneous excitation or ionization of the target (including e → 2 e + γ processes), (c) Compton scattering on many-electron atoms, (d) manyphoton ionization of atoms and ions.
When perturbation theory in photon-projectile (or photon-atom) interaction is used to analyze the above-mentioned processes, the corresponding amplitude M can be represented in terms of the compound matrix element in which the integration of the intermediate momentum is carried out:
where relativistic one-photon free-free matrix element corresponding to transition of projectile from the state ν a = (p a 
Here the indexes '±' indicate the type of asymptotic of wavefunctions corresponding to states ν a , ν b . The superscript † denotes the hermitian conjugation. The quantity α = γ 0 γ, where γ 0 , γ are the Dirac matrices. The factor R µ b (p b ) represents the contribution of all the rest processes related to the collision. In particular case of 2BrS, § We consider the case of linearly polarized photons e = e * and use the gauge in which the vectors k and e are mutually orthogonal: e k = 0.
R µ b (p b ) corresponds to matrix element of one-photon free-free transition (see general expression (6) for 2BrS amplitude).
Expression (2) defines four matrix elements the type of which depends on the asymptotic behaviour of the wavefunctions of the initial and final states. In vicinities of the points defined by the conditions p a − p b −hk = 0 , p a − |p b +hk| = 0 , |p a −hk| − p b = 0 ,
matrix elements D (±±) ν b νa (k, e) contain the singular terms (often called as the diagonal singularities) of the two essentially different types [7] . The first of them are well-known pole-like singularities which are responsible, in particular, in the infrared divergency of the one-photon bremsstrahlung amplitude [2, 10] . In this case both momenta, p a and p b , lie on the mass surface and by the absolute value are close to each other, so that the exact equalities (3) should be considered as the limits → 0. The singularities of the second type contain the terms proportional to the delta-functions δ(p a − p b −hk), δ(p a −|p b +hk|) and δ(|p a −hk| −p b ) (note, that the first of them is the three-dimensional δ-function, whereas two others are one-dimensional). For compound matrix elements (1) one of the states ν a or ν b , or both (if the process includes the emission of two and more photons, or if the photon emission occurs between two virtual states) describes the off-mass surface particle. Therefore, the delta-terms add non-zero contribution to the amplitude (1).
In [7] the explicit forms of all singular terms in (2), which include both the pole-like singularities and the δ-function terms, in vicinities of the points (3) have been evaluated and the general formalism of relativistic 'delta'-approximation has been formulated for the case of 2BrS process. The problem which arises in this connection concerns the relativistic treatment of the 2BrS in a Coulomb field. It is apparent that the exact relativistic formalism will be much more complex than that based on the non-relativistic approach [4] . The fact that the results of previous non-relativistic 'delta'-calculation [6] are in good quantitative agreement with the exact results [4] stimulates the author to put the efforts in application of the relativistic version of the delta-approximation to the case of scattering in Coulomb field. This paper represent the results of such research. The main advantage of the approach which will be described below in comparison with exact treatment is in considerable reduction of numerical efforts related to the evaluation of the parameters of the 2BrS process with adequate accuracy.
In spite of the fact that in both non-relativistic and relativistic cases the formal proof of adequacy of delta-approximation is not found, the indirect justification of its applicability can be based on the following facts.
(1) A number of detailed comparisons of results of compound matrix elements calculations within the framework of delta-approximation against the results of exact treatment and experimental data were made for non-relativistic collisions. For the dipole photon case such comparison has been performed for the processes of 2BrS [3, 5, 11] , two-and three-photon detachment of electrons from the negative ions [12, 13] . Beyond of the frame of dipole approximation comparison of cross sections of 2BrS was made for non-relativistic electron scattering [4, 6] . It has been established that in all considered cases the results of delta-approximation is in good agreement with results of exact calculations and available experimental data [14] - [19] .
(2) The fact that the relativistic expression for 2BrS amplitude in deltaapproximation is absolutely correct in two important limiting cases, which are (i) the relativistic plane-wave Born approximation and (ii) the soft-photon approximation (see [7] for details) serves as substantiation of applicability of this approach in relativistic case. It was demonstrated in [7] that the relativistic formulae correctly reduce to their analogues obtained earlier within the frame of the non-relativistic delta-approximation.
Method based on the relativistic formalism of delta-approximation developed in the present paper allows to investigate the basic characteristics of 2BrS process in the relativistic domain with accounting for the retardation effects and multipole character of radiation. Numerical results obtained on its base will allow to justify the adequacy of delta-approximation in relativistic case.
Formalism

Amplitude and cross section of 2BrS process
The process of 2BrS (see fig. 1 ) in potential scattering of projectile of charge Z p e and mass m p in external spherically symmetric field is a transition of the projectile from the initial state ν 1 = (p 1 , µ 1 ) with momenta p 1 and polarization µ 1 (the corresponding energy ε 1 = p 2 1 c 2 + m 2 p c 4 ) to the final state ν 2 = (p 2 , µ 2 ) with momenta p 2 and polarization µ 2 (ε 2 = p 2 2 c 2 + m 2 p c 4 ) accompanied by the emission of two photons (j = 1, 2) of energieshω j , momentahk j and polarizational vectors e j . The energies of all particles satisfy the energy conservation law
The spectral-angular distribution of radiation d 4 σ/(dω 1 dω 2 dΩ 1 dΩ 2 ), is obtained from differential cross section by integrating over direction of momenta of scattered projectile p 2 , summing over the photons polarizations λ 1,2 and the polarization of the scattered projectile µ 2 and carrying out the averaging over the initial-state polarizations µ 1 of the projectile:
where α is a fine structure constant, dΩ 1,2 , dΩ p 2 are the elements of solid angles of emitted photons and scattered particle respectively. The total amplitude of the process, M 2BrS , describes by two Feynman diagrams ( fig. 1 ) corresponding to compaund matrix elements of transition of projectile from initial state '1' to intermediate state 'n' and then to final state '2' under the action of external field:
(r) are wavefunctions of the initial and final states. The sum is carried out over the complete spectrum of intermediate states |n and contains the contributions of both the positive-energy, ε n > 0, and the negativeenergy, ε n < 0, states. Term M [21] in (6) can be obtained from M [12] (here index in square brackets indicates the photons emission order) by the photons interchange ω 1 , k 1 , e 1 ↔ ω 2 , k 2 , e 2 . Therefore below we will consider only the term M [12] .
Bispinor wavefunctions Ψ (±) pµ (r) describe projectile's scattering states with asymptotic momenta p and polarization µ and can be expanded in a partial wave series over the functions Ψ εjlm (r) characterized with the total energy, ε, the total angular momentum, j, the orbital momentum, l, and the projection of the total momentum, m [2] :
Here and further the notation n a is used for unit vector along direction a, the notation Ω jlm (n) stands for a spherical spinor defined according [20] , v µ is a unit two-component spinor corresponding to state with spin projection µ and satisfying the normalization condition v † µ v ν = δ µν (where δ µν is a Kronecker delta). The quantities δ jl (ε) are the relativistic scattering phaseshifts depending on quantum numbers ε, j, l and determined by the character of external field (with accounting for contribution of Coulomb counterpart in case of ionic target).
Using (7) it is possible to write down the partial wave expansion for amplitude M 2BrS . However from the computational point of view the direct calculation of 2BrS amplitude with the help of such type expressions is practically impossible. Indeed after substitution in (6) the partial wave series (7) and multipole expansions for operators of an electromagnetic interaction e j γ e −ik j r we will get the tenfold sum on quantum numbers of initial, intermediate and final states of projectile and two pairs of indexes of multipole expansions. Assuming (for an estimation) the number of partial terms for each summation index equal 10 we shall estimate the total number of terms of considered sum about 10
10 that expels a possibility of direct calculation. The alternative way of exact calculation of 2BrS amplitude, which detailed consideration go beyond this paper, is based on Sternheimer approach [21] . Its idea is in reduction of direct summation on complete set of intermediate states n in (6) to calculation of a matrix element of the operator e 2 γ e −ik 2 r between final state ε 2 J 2 L 2 M 2 | and some auxiliary function which is a solution of inhomogeneous Dirac equation. Such an approach allows to evaluate the exact 2BrS amplitude with essentially less computational efforts in comparison with direct calculation of 2BrS amplitude and cross section within the relativistic distorted partial wave approximation. In nearest future authors plan to present the results of such investigation.
The aim of the present paper is to introduce an approximate approach for effective analysis of characteristics of 2BrS with accounting for both relativistic and multipole effects which supplements the exact relativistic treatment of the process within the framework of Sternheimer approach.
The amplitude (6) represents by itself a compound matrix element which describes the transition of projectile through the virtual intermediate state n. Consequently, each one-photon matrix element in (6) has singularities in points determined by relations (3). At integration over complete spectrum of intermediate states n singular terms proportional to corresponding delta-functions add non-zero contributions to the M [12] and M [21] . As it was demonstrated in [6] within the framework of non-relativistic theory the behaviour of total 2BrS amplitude is reproduced with satisfactory accuracy if we accounts for these terms only. Such an approach to evaluation of 2BrS amplitude was called 'delta'-approximation.
Below in this section we overview the way of evaluation of expression for total amplitude M 2BrS in delta-approximation by reproducing only the basic expressions, which are required for the further consideration. The detailed scheme of construction of approximate 2BrS amplitude in relativistic case which includes, in particular, the derivation of singular parts of one-photon matrix elements (2), evaluation of their contribution to M [12] and M [21] (see (6) ) and writing down the final expression for M 2BrS in delta-approximation is given in [7] .
Singularities in relativistic one-photon free-free matrix elements
Singular terms in free-free matrix elements (2) appear as the result of integration over the infinite spatial region, where the asymptotic behaviour of the wavefunctions is as follows [2] :
Here ν = (p, µ). The unit bispinor amplitude of plane wave
and bispinor scattering amplitude
are introduced. Two components spinor amplitudes F (±) ν (n r ) are defined according [2] . The structure of singular parts of each of matrix elements (2) can be obtained within the frame of the scheme which is described in [7] . The final result for D (σ b σa) ν b νa (k, e) as formal functions of three independent variables p a , p b and k has the following form
Here the notations σ a and σ b are used for (i) '±' if σ a , σ b are the superscripts, and (ii) '±1' if σ a , σ b are the factors. The vectors q a q b are defined as q a = p a −hk , q b = p b +hk and the following notations are used
The vector matrix element D
νa (r) (13) and is subject to the conditions p a − p b −hk = 0, q a = p b and q b = p a . In vicinity of the points the singular part of e D 
Here subscript 's' denotes the singular part of expression and v.p. indicates that the pole must be treated in a principal value sense. It is seen from (11) and (14) that the singular part of (2) include the terms of the following types: (i) the term, proportional to the three-dimensional delta-function δ(p a − p b −hk) arising from usage of the plane-wave Born wavefunctions for in-and out-states of the projectile. (ii) Terms, proportional to the one-dimensional δ-functions, δ(q a − p b ) and δ(q b − p a ). Being proportional to the scattering amplitude, these terms go to zero with increasing projectile energies. (iii) Pole-like terms, proportional to (q a − p b ) −1 and (q b − p a ) −1 . As it was noticed in [7] , if both of the scattering states in (2) are real (i.e. not virtual) then terms (i) and (ii) vanish, since the condition implied on the momenta p a , p b andhk by the delta-functions are not consistent with the energy conservation law ε a = ε b +hω. In this case the terms (iii) describe the well-known behaviour of the free-free matrix elements in the soft-photon region. The δ-terms of types (i) and (ii) become essential when considering the compound matrix element of the type (1) where the integration over one of the momenta p a or p b (or over both momenta) is implied. In this case formulae (2) describe the virtual one-photon transition.
Amplitude of 2BrS process in delta-approximation
Using the results of the previous section and accounting for the fact that all singular terms belong to a positive-energy part of spectrum of intermediate states it will be convenient to separate the contributions of positive-energy and negative-energy parts of electronic propagator to terms M [12] , M [21] and to present the expressions for 2BrS amplitude in delta-approximation in a form
Here the first two terms on the r.h.s. of (15) corresponds to the contribution of the regular (non-delta) parts of M [12] and M [21] , while the third and fourth terms represent the resulting sum of all delta-functional terms of them. The the last two terms correspond to the contribution of the negative-energy intermediate states to the M 2BrS . We emphasis that the delta-functional part is contained in the exact 2BrS amplitude as an additive term, and hence its contribution can be treated independently for arbitrary photon energies consistent with the conservation law (4). By neglecting the contribution of the first two term in (15) one finds the approximate expression for the relativistic 2BrS amplitude within the frame of the 'delta'-approximation. Let's now consider the remaining terms in (15) . One of the possible approximation for the negative-energy part of M 2BrS is discussed in [7] . It represent by itself the analogue of non-relativistic sea-gull matrix element but evaluated using the relativistic wavefunctions of the projectile:
Another way to take into account the contribution of two last terms in (15) is based on rewriting of these terms within the framework of relativistic plane-wave Born approximation. However, for the sake of brevity we will not reproduce corresponding cumbersome expressions here. Moreover, for considered energy range of the projectile (see section 3) corresponding to experimental data the representation (16) seems to be quite enough.
To simplify the further consideration let us assume following [7] that the positiveenergy branch of the eigenstates of the HamiltonianĤ(r) = cαp+γ 0 mc 2 +V (r) does not contain the bound states. For a neutral atomic target and for an electron as a projectile this assumption means that we disregard the possibility to form the negative ion. This is not a crude approximation if one takes into account that for a relativistic electron the contribution to the sum over the intermediate states ν of the process of virtual excitation into the negative ion bound state (with ε ν = mc 2 − I and typical values for I ≤ several eV, see e.g. [22] ) is negligible small.
Separating the real and the imaginary parts of first term in (15) (expression for M 
Here the quantity I [12] , which is expressed via the following angular integral
describes two-step emission process in which the photons are emitted consequently and the projectile's energy in the intermediate state ε ν satisfies the conservation law:
The real part of M [12] in delta-approximation has the following form (below the subscriptν stands for the set (s, µ) with the vector s defined as indicated):
The advantage of given representation is in considerable simplification of numerical procedures related to the evaluation of the parameters of 2BrS. It is the complexity of the exact treatment which has led, so far, to the absence of any results for two-photon transitions in the relativistic domain [7] .
Method of computation: application to a point Coulomb field
Below in this section we apply the developed approach to the case of relativistic projectile scattered in a point Coulomb field. As it will be demonstrated in this case it is possible to obtain the closed-form analytical expressions for 2BrS amplitude and cross section within the framework of delta-approximation.
The adequacy of usage of Coulomb field approximation for description of the scattering process is conditioned by the fact that at the collisions energies E ∼ 50 . . . 100 keV (corresponding to experimental data [16] - [19] ), for which the relativistic treatment of process is required, the effects of screening of the nucleus by the electron cloud of the target don't play a significant role unlike the radiation retardation effect [4, 6, 27] . As it will be shown further the role of relativistic effects for considered region of projectile's energies is also noticeable that results in necessity of accounting for these effects as well as for the radiation retardation.
In contrast to non-relativistic case the additional difficulty for application of formalism of relativistic delta-approximation to the case of point Coulomb filed is connected with absence of the closed-form expressions for exact relativistic wavefunctions corresponding to scattering states of projectile in the field of the target [1, 2] . The possible way to overcome this difficulty is in usage of approximate relativistic continuum Furry-Sommerfeld-Maue (FSM) wavefunctions which accurate up to the order Zα in the relativistic corrections and have the closed analytical representation (see e.g. [1, 2, 23] ). When the main contribution to cross section of process is given by the partial waves with l ≫ Zα or when the projectile's energy is large enough in comparison with its rest energy the FSM approximation results does not essentially differ from the results of exact calculations obtained within the framework of relativistic distorted partial wave approach.
The first-order FSM wavefunctions in Coulomb field can be written as [1, 2] :
Here ξ = ZZ p α ε/(pc) (Z is the nucleus charge of the target). The notation F (a, b, z) stands for confluent hypergeometric function. The bispinor amplitude of plane wave u ν is defined in (9) . First of all we will obtain the exact FSM expressions for one-photon matrix elements entering expressions (18) and (19) . Substituting the functions Ψ (±) ν (r) with their FSM analogues (20) in e D (σ b σa) ν b νa (k) (see (13) ) and keeping only the terms up to order 1/ε a,b one gets
Here the factor C 
with the short-hand notation
r)/h used for hypergeometric functions. All three integrals from (21) are connected with each other by the relation [1] :
Using essentially the same procedure as described in [1] for transformation of the term I (σ b σa) p b pa (k) to the Nordsieck type integral [24] one gets after some algebra:
Here the quantity z (σ b σa) is given by
Let's now obtain the closed-form representation for functions f (σ) ν b νa (n, e) from (19) which are expressed through bispinor scattering amplitude (see (12) ). By considering the functions (20) in the limit r → ∞ and assuming the quantity |pr − σpr| to be large enough for usage of asymptotic representation for confluent hypergeometric function one writes after omitting 1/r 2 and higher order terms the asymptotic expression for wavefunctions Φ (σ) ν (r). Comparing this expression with (8) it is possible to write
where the Coulomb bispinor scattering amplitude G (σ) ν (n r ) is introduced according to
Thus for the functions f (σ) ν b νa (n, e) (see (12)) we will have
where cos θ a = n pa n and functionsf
ν b νa (n, e) are defined as follows
Now we are able to rewrite the 2BrS delta-amplitude M δ 2BrS (see (15)) within the frame of FSM approach. By substituting wavefunctions (20) into (16) one gets the FSM expression for negative-energy part of total amplitude
The FSM expression for term I [12] from positive-energy part of M δ [12] can be obtained by using (21) in (18):
By essentially the same way the FSM expression for R δ [12] will be evaluated. Introducing into the (19) expressions for corresponding one-photon matrix elements (21) and amplitudes (30) , (31) and carrying out summation on µ one writes:
Here θ p , φ p are polar and azimuth angles, which characterize the direction of momenta vector of intermediate state. The quantities R (...) [12] are defined as follows
Where the notation cos θ 1 ≡ p 1 (s +hk 1 )/p 
Numerical results
Approach presented in the previous sections was applied for calculation of spectralangular distributions of 2BrS formed in collisions of electron of kinetic energy of E 1 = 70 keV (except figure 6 for which E 1 = 10 keV) with isolated atomic targets in a wide range of values of nucleus charge Z (Z = 1 . . . 92). In figures 2, 4, 5 the energy of the first emitted photon is equal to ω 1 = 20 keV while the energy of the second photon lays in a range ω 2 = 2.5 . . . 47.5 keV. In figures 3 and 6 curves are plotted for energies ω 1 = ω 2 = 25 keV and ω 1 = 1 keV, ω 2 = 1 . . . 8.5 keV respectively. Results presented in all graphs refer to a case of complanar geometry of emission when the vectors p 1 , k 1 and k 2 lay in the same plane. Polar and azimuth angles (θ 1,2 , ϕ 1,2 ), which characterize the direction of emission of each photon, correspond to coordinate system with axis z along the projectile's initial momenta vector p 1 . Because of the axial symmetry the cross section of process d
but not on the angles ϕ 1 and ϕ 2 separately.
Numerical calculation of relativistic delta-amplitude of 2BrS (15) and its nonrelativistic analogue was carried out, respectively, with usage of FSM wavefunctions (20) and non-relativistic Coulomb wavefunctions corresponding to scattering states of the projectile in a central field.
The results of relativistic Born calculations presented in figures are obtained by programming of expressions presented in [7] . Curves corresponding to relativistic Born-Elwert approximation represent by itself the relativistic Born curves corrected by the Elwert factor [25] (we use its relativistic analogue proposed in [26] ):
In figures 2-4 the comparison of results of calculation of 2BrS cross section within the framework of relativistic delta-approximation with available experimental data [16] - [19] and results of exact non-relativistic calculations with effect of radiation retardation taken into account (see figure 2 ) is presented. It is known [4, 6, 27 ] that effect of radiation retardation leads to noticeable growth of 2BrS cross section. As it is follows from presented graphs accounting for relativistic effects, in turns, results in decreasing of magnitude of cross section. Qualitatively such situation can be explained in the following way. Apart from the spin-related effects, the general consequence of a movement with relativistic velocities is the dependence of mass of a projectile on its velocity. Increasing of projectile's velocity leads to the increase of its mass m with respect the rest mass m 0 as m = m 0 (1 − v 2 /c 2 ) −1/2 . This effect, in turn, reduces the magnitude of the effective projectile's acceleration in the field of the target and, consequently, results in decrease of the intensity of radiation.
Presented dependences show that except the region of large Z ∼ 100 in figure 2 , where the relativistic curve well describing the experiment for small and moderate values of Z underestimates expected magnitude of cross section, and point ω 2 = 50 keV in figure 4 , most likely representing the experimental error, the results of calculation within the framework of delta-approximation (both relativistic and non-relativistic) reproduce available experimental data well. In the case of figure 2 observable behaviour of a relativistic curve can be caused by both insufficient adequacy of FSM approach for Z ≫ 1 and insufficient accuracy of experiment (compare with figure 3) .
Estimating the possible behavior of exact relativistic curve in figure 2 basing on the difference between non-relativistic curves corresponding to exact and deltaapproximation calculations it is possible to suppose that it will describe available experimental data better. In spite of the fact that in non-relativistic case the maximal relative error between delta-approximation and exact curves is about 15% (for Z = 52). it should be noticed that the results obtained within the framework of proposed approach is much more exact than the results of plane-wave Born and Born-Elwert approximations (both with and without relativistic effects taking into account) which are also presented on graphs.
In figure 5 comparison of the results of calculations of 2BrS cross section in delta-approximation with exact non-relativistic results (with retardation included) is presented for three different geometries of emission. As it was demonstrated in [4] in non-relativistic case the delta-approximation produces the results which are in the good agreement with the results of exact calculations. In case of relativistic deltaapproximation already noticed decreasing of magnitude of cross section is observed. Moreover for various geometries of emission the amount of decreasing of cross section is a few different. At the present moment such a behaviour is not absolutely clear for authors and requires additional investigation and comparison with the results of exact relativistic calculations.
In the case of smaller values of energy of projectile (see figure 6 ) when the influence of relativistic corrections is small the results of the proposed approach coincide with results of exact non-relativistic calculations presented in [27] and results of nonrelativistic delta-approximation (for the avoidance of overloading of graphs the last one are not plotted in figure 6 ) very well. Whereas the curves corresponding to (relativistic) Born approximation strongly underestimate the magnitude of the cross section (especially for high Z). Some increase of distinction between relativistic and exact non-relativistic curves with growth of Z can be caused by usage of FSM wavefunctions in our calculations. However only the exact relativistic calculation as well as in the case of figure 5 can clarify the situation completely.
In general, the results obtained within delta-approximation (both relativistic and non-relativistic) well describe the behaviour of 2BrS cross sections in considered region of collision energies and frequencies of emitted photons. The role of relativistic effects grows with increase of energy of projectile and nucleus charge of a target and appeared to be noticeable in all considered cases that results in necessity of accounting for relativistic effects simultaneously with accounting for multipole character of radiation. Obtained results allow us to consider the presented approach as adequate for description 2BrS process and suitable for numerical investigation of basic characteristics of process (the spectral intensity of radiation and its angular distribution) for various collisions regimes.
Conclusions
Basing on the numerical results presented above, proposed approach can be considered as more reliable than another more simple relativistic approximations. It allows to simplify considerably the analytical and, especially, numerical analysis of the two-photon freefree transitions with accounting for the retardation and multipole effects. It can be used for carrying out effective and reliable calculations of relativistic spectral and angular distributions of 2BrS in a wide region of frequencies of emitted photons and collisions energies. With minor modifications this approach can be used for the description of the two-photon absorption process. However, regardless the outlined advantages of usage of relativistic formalism of delta-approximation for description 2BrS process, the problem which still remains concerns the exact treatment of the process.
In this connection it should be noticed that as well as in the case of one-photon BrS process at consideration of two-and many-photon transitions in continuum spectrum it is necessary to distinguish two leading mechanisms of radiation formation: the ordinary (see e.g. [1, 2] ) and polarizational (see e.g. [8] ) mechanisms. The first of them describes the process of photon emission by a charged projectile accelerated in the static field of a target. The second one accounts for radiation of the target virtually excited by the field of projectile. In particular case of 2BrS one should consider three independent processes: emission of two photons by a projectile, emission of one photon by a projectile and the second photon by polarized target and emission of both photons by polarized target. Therefore, the problem of exact treatment of 2BrS becomes of essentially complicated character both from the analytical and from the computational points of view. However, the fact that the ordinary mechanism of 2BrS dominates in the total spectrum of radiation in a wide range of projectile's energy and frequencies of emitted photons allows in many cases to consider the ordinary mechanism only. Actually, for the present moment the attempts of accounting for the contribution of polarizational mechanism in 2BrS were limited by usage of non-relativistic Born approximation [28] - [30] . For the case of collisions of relativistic particles the closedform theory of 2BrS (both with and without taking the polarizational mechanism into account) was not developed and attempts of investigation of process do not go beyond the usage of relativistic Born approximation (e.g. [31] ) for treatment of ordinary 2BrS.
In view of already mentioned technical difficulties connected with direct calculation of amplitude and cross section of 2BrS, presented in a form of partial-wave and multipole expansion, two approaches represent the practical interest. The first of them is based on exact treatment of 2BrS process within the framework of FSM approximation (see e.g. [23] ) and is somewhat similar to the approaches, previously used in non-relativistic theory [4, 27] . The second one, which is more universal approach, is based on general formalism of Sternheimer approach [21] for calculation of amplitude of two-photon transition between two states of a continuous spectrum. Development on the basis of both mentioned approaches of fully relativistic formalism for 2BrS process is the natural and straightforward continuation of the present research. Comparison of numerical results for 2BrS cross section Z −2 d 4 σ ω1 ω2 (Ω 1 , Ω 2 ) as function of nucleus charge of the target Z with experimental data presented in [16] . In figure the thick and the thin solid lines correspond to results of relativistic and non-relativistic formalism of delta-approximation respectively. The thick and the thin dashed lines are used for curves obtained within the frame of relativistic and non-relativistic Born-Elwert approximation. The results of exact non-relativistic calculation with accounting for radiation retardation (see [4] ) are given by triangles. 
